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This paper continues the discussion of the number s(G) defined, for a 
finite Abelian group G, as the least number s such that an arbitrary 
sequence of length s of group elements has a subsequence whose product 
is 1. 
1. For a finite Abelian group G define, as in [2], s = s(G) to be 
the smallest positive integer such that, for any sequence gr, gZ,. . . , gS 
(repetition allowed) of group elements, there exist indices 1 I i1 < . . . <i, is 
for which gi,gi,. . .gi, = 1. In [2] we determined s(G) for all finite Abelian 
p-groups G. In this paper we determine s(G) in the special case that G is 
the direct product of two cyclic groups. We discuss, also, the number of 
solutions (Q, eZ,. . . , E,), Ei = 0 or 1, to the equation 
g”lgy.. .gf: = 1. 
2. Our main result is 
THEOREM 1. Let G = H x K be the direct product of Abelian groups 
HandKoforders IHI=hand llvl =kwherehlk.Zfg,,g,,...,g,~Gand 
s 2 h+k-I, then gi,gi,. . .gi, = 1 for some 1 I il < . . . < i, I S. 
We first prove a lemma. 
LEMMA 1.1. Let E be the elementary Abelian group of order p2 
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gS E E and s 2 3p -2, then there exist indices 
<i,1swith11t1psuchthatg1~gi~...gi~=l. 
Proof. We shall use the fact, established in [2], that s(P) = 1 +k(p- 1) 
if P is the elementary Abelian group of order pk. Embed E into the ele- 
mentary Abelian group F of order p3. Let x E F, x $ E. Since s(F) = 
3p-2, some subsequence of xg,, xg,, . . . , xg, has product 1. Hence, 
rearranging subscripts, gig2. . .gep = 1, where e = 1 or 2. We are done 
if e = 1. If e = 2, some proper subsequence of gl,. . . , gzp has product 1 
(since s(E) = 2p- 1) and therefore some subsequence of length not 
exceeding p has product 1. 
Proof qf Theorem 1. We proceed by induction on the order h of H. 
For h = 1 this result is well known and we give the usual proof. Form the 
partial products 
If the ]Ilj are distinct, then some ~j = 1. If ni = nj, i < j, then 
gi+i.. .gj = 1. 
Assume that h > 1 and let p be a prime divisor of h (and hence of k). 
Let HI be a subgroup of H, Kr a subgroup of K, with indices [H: HI] = 
[K : KJ = p. Put h = phi, k = pk,, and Q = H, x KI. We assume that 
the theorem is true for Q = HI x K,. Note that the factor group G/Q = E 
is elementary Abelian of order p2, and s 2 h + k- 1 = p(h, + k, - 2) + 
2p- 1. By Lemma 1.1 there is a subsequence of gr, g2,. . . , gs of length 
not exceeding p whose product q1 is in Q. We may, by continuing this 
process, construct pair-wise disjoint subsets S,, S,, . . . , S,- i of the index 
set (I, 2,. . ., s), of sizes 1 _< ISjl I p, such that 
iW, gi = qj E Qs 
where u- 1 = hI + kI -2. At least 2p- 1 indices remain, and, since 
s(lF) = 2p - 1, there is a subset S, of these such that 
i&gi = qu E Q- 
Since u = h,+k,- 1, some subsequence of ql, q2,. . . , qU has product 1. 
This completes the proof. 
COROLLARY 1.1. Let G = C,,, x C,, be the direct product of cyclic groups 
C,,, and C, of orders m and n where min. Then s(G) = m+n-1. 
ProoJ Let x, y be a basis for G, x of order m and y of order n. No 
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subsequence of X, , . . , x, y, . . . , y (read x m - 1 times and y n- 1 times) 
has product 1. 
Theorem 1 answers affirmatively a conjecture of P. Erdos which we 
state as the next corollary. 
COROLLARY 1.2. An arbitrary sequence of length 2n- 1 of Gaussian 
integers has a subsequence whose sum is divisible by n. 
The next corollary is a generalization of a result of P. ErdSs, A. 
Ginzburg, and A. Ziv [I] who proved it in the special case h = k. 
COROLLARY 1.3. If gl, g2,. . . , gh+k- i is a sequence of elements in a 
finite Abelian group K of order IKI = k, and h Ik, then there exist indices 
1 I iI c... < i, I h+k-1 with t =O(mod. h) such thatgi,gi,. . *gi,=l. 
Proof. Embed K in the direct product H x K where H is the cyclic 
group of order h. Let x generate H, and apply Theorem 1 to the sequence 
xgl, xg,, * * -, xgh+k- 1’ 
3. Let G be a finite Abelian group and n a positive integer. For 
each sequence (gr, g2,. . . , g”), gi E G, let N(g,, g2,. . . , g,) be the number 
of solutions (sr, e2, E ) si = 0 or 1, to the equation **-, “, 
gygy.. .gF = 1. 
Let N(G, n) be the minimum value of N(g,, g2,. . . , g,,). We determine 
N(G, n) in terms of n and s(G). 
THEOREM 2. N(G, n) = max(1, 2nf1-s(G)). 
Proof. Set s = s(G). For n I s- 1 the theorem is clear by the meaning 
of s(G). Assume n 2 s. 
We first construct a sequence gl, g2,. . . , gn such that 
N(g,, g2,. . ., g.) = 2”+1-s. 
Choose gl, g2,. . . , gs- 1 such that no subsequence has product 1, and let 
9s =A+1 =--0 = g” = 1. Clearly N(g,, g2,. . . , gJ = 2”+ l-’ for this 
sequence. 
It remains to be shown that 
ml, 929. * *9 gs-l+k) 2 2’7 (1) 
for arbitrary gl, g2,. . . , gJ-i+k E G. We prove (1) by induction on k. For 
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k = 0, (1) is clear; assume k 2 1. We may assume, without loss of 
generality, that 
9192. . .Qt = 1, (2) 
for some 1 < t I s. By induction there are at least 2k-1 solutions 
(%Y %, . . ., E~-~+~), si = 0 or 1, to the equation 
g;“‘. . +e+1 -Qt-ecQr+l . . .Q,+-"y$" = 1 . 
For each such (Q,. . ., Es- 1 +k) we have, by (2), 
glgp.. .g:-* El+1 . .g:b_-;;; = 1. Qt+1* 
In this way we obtain 2k-1 solutions to the equation 
g"1'gy.. .g:s--;;; = 1, (3) 
with s1 = 1. But also, by induction, there are at least 2k-1 solutions to 
(3) with ai = 0. Hence 
N(g,, 92,. . .,&ml+& 2 2k-‘+2k-’ = 2k. 
4. We conclude with an application of Theorem 2. Let V be an 
n-dimensional vector space with basis ur, u2,. . ., u, over a field F, and 
form the parallelotope 
P = 
I 
~ EiUilEi = 0, 1 
> 
. 
i=l 
Fix 0 I m < n and define 
tl = min IH n PJ, j? = max IH n PJ, 
where H varies over all m-dimensional subspaces of V. 
J. Sonn and H. Zassenhaus [3] showed that p = 2” for any field F. 
Clearly a = 1 if F is an infinite field. We show 
THEOREM 3. If F = GF(pk), then ct = max (1, 2n-k(n-‘“)(i’-1)). 
Proof. If H is an m-dimensional subspace of V, the quotient space 
V/H is an elementary Abelian group of order pkcnem’. From [2] we have 
s( V/H) = 1 + k(n - m)(p - 1). Hence 
Ii7 n PI 2 max{l, 2”-k(n-m)(p-1)}, (4) 
by Theorem 2. 
It suffices to find an m-dimensional subspace H for which equality 
holds in (4). Represent V in the usual way as the space of n-tuples 
Kl, L, * . *, &), ri E F, and set 
Di = (6il, 6iz,. . .) 6,) (i = 1,. . .f n) 
where 
6ij = 
lifi=j 
0 otherwise. 
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Let ml, a2,. . . , cw, be a basis for the additive group of F and let 
B = [CQ,. . .) al, u*, . . .) a2,. . . , c$,. . *, at] 
be the vector of length k(p - 1) where each of the tLi occurs in exactly p - 1 
places. Form the (n-m) by k(n-m)(p- 1) matrix 
B 0- 
B 
M= ‘. 
. 
0 B 
having B on the block diagonal and zeros elsewhere. Clearly M has rank 
n-m. If n ,S k(n-m)(p-l), let A be an (n-m) byn matrix of rank n-m 
obtained by deleting appropriate columns of M. If n > k(n-m)(p- l), 
let A be the (n - m) by n matrix obtained by adjoining to M the appropriate 
number of columns consisting of zeros. The space H of all solutions 
(<l, 52,. * *, r.) to the matrix equation 
=o 
has dimension m and, for this H, equality holds in (4). 
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